This paper presents an alternative approach to geometric phase beyond wavefunctions. Precisely, we introduce the concept of geometric phase for an observable, which is defined as a sequence of phases associated with a complete set of eigenstates of the observable. The geometric phases of the observable are shown to be connected with the geometry of the quantal observable space described by the Heisenberg equation. As an application, we show that the geometric phases of the observable can be used to realize a universal set of quantum gates in quantum computation. This sheds a new light on the topology and geometry for the quantum system.
I. INTRODUCTION
In quantum mechanics, the state of a particle at any given time is described by a wave function ψ, which changes as the system evolves in time according to the Schrödinger equation
where H is a Hermite operator on H, and i = √ −1. Here and in the following, we always use the convention c = = 1. Consider a quantum system, whose Hamiltonian H is a single-valued function of a set of parameters R which label the points of a smooth manifold M. In 1984, Berry [3] showed that when H undergoes adiabatic evolution along a closed curve Γ in the parameter space M, then a state that remains as an eigenstate of H(R) corresponding to a non-degenerate eigenvalue E(R) develops a geometrical phase γ which depends only on Γ. This phase is called Berry's phase. Simon [8] had given a simple geometrical interpretation of Berry's phase. He introduced the space of eigenstates associated with E(R) as a line bundle over the parameter space M, and concluded that Berry's phase is due to holonomy in that bundle. Thus, Berry's phase associates with the geometry of the parameter space M.
Berry's phase was reconsidered by Aharonov and Anandan [1] , who shifted the emphasis from changes in the environment defined by a set of parameters to the motion of the quantum system by giving up the assumption of adiabaticity. Recall that a cyclic evolution of a physical system for the state is one after which the state of the system returns to its original state. They showed the existence of a phase associated with any cyclic evolution of a quantum system with a time-dependent Hamiltonian H(t), and this phase tends to Berry's phase in the adiabatic limit if H(t) = H[R(t)] is chosen accordingly. They also gave a geometrical interpretation of their phase. If one regards the space of normalized states as a line bundle over the space of rays (a ray is defined as an equivalence class of states differing only in phase), then this line bundle has a natural connection and the phase of Aharonov and Anandan is a consequence of this connection. Therefore, the Aharonov-Anandan phase associates with the geometry of the quantal state space.
The derivation of the geometric phase, both Berry's phase and the Aharonov-Anandan phase, is based on the conventional formulation of quantum mechanics from the viewpoint of the quantum state (cf. [7] ), that is called the Schrödinger picture. As is well-known, quantum mechanics can be formulated in the framework of the observable that is called the Heisenberg picture (cf. [6] ), in which the Heisenberg equation
for the observable X, plays a crucial role instead of the Schrödinger equation. This allows us to introduce the concept of geometric phase for the observable except for the state. Roughly speaking, the geometric phases of the observable are defined as a sequence of phases associated with a complete set of the eigenstates of the observable, and at any given time, this sequence of phases appears simultaneously for an observable (see Section II). Indeed, we will define the geometric phases associated with a cyclic evolution of a quantum system for the observable described by the Heisenberg equation, which depend only on the geometry of the quantal observable space (see Section III). As an application, in Section IV, we will show that the geometric phases of the observable can be used to realize a universal set of quantum gates in quantum computation. Yet, we will give a geometrical interpretation for the geometric phases of the observable through introducing an principal fiber bundle over the quantal observable space (see Appendix below). This sheds a new light on the topology and geometry for the quantum system.
II. GEOMETRIC PHASE OVER OBSERVABLE
In this section, we will present the definition of the geometric phases of the observable. In what follows, we assume that H is a separable Hilbert space with dimension great than one, and always denote by B(H) the algebra of all bounded operators on H, and by O(H) the set of all self-adjoint operators on H. Moreover, O d (H) denotes the subset of O(H) consisting of those self-adjoint operators with discrete spectrum and, U(H) is the group of all unitary operators on H. Without specified otherwise, I denotes the identity operator on H.
Following [1] (cf. [4] for more details), we consider a quantum system with a time-dependent Hamiltonian h(t). For simplicity, we assume that each Hamiltonian h(t) has a discrete spectrum as well as all observables considered in the following. Let W t = (|ψ n (t) ) n≥1 be the solution of the skew Schrödinger equation
with W 0 = (|ψ n (0) ) n≥1 being a basis of H. Note that the equations (II.1) are called the skew Schrödinger equation, in the sense that it does have minus sign on the right hand, contrary to the Schrödinger equation (I.1). This is because that these equations represent the time evolution for eigenstates of the observable, which is closely related with the Heisenberg equation (I.2). Then W t = (|ψ n (t) ) n≥1 is a basis for every t. We say that an evolution W t is cyclic in the quantal observable space in the time interval [0, T ] if
Consider an arbitrary cyclic evolution (W t ) 0≤t≤T with period T in quantal observable space. For any t ∈ [0, T ], we define
where (λ n ) n≥1 is any fixed family of distinct real numbers, independent of t. Then X(t) satisfies the Heisenberg equation
In particular, X(t) defines a closed curve in the space O d (H) of all observables with discrete spectrum:
Associated with the closed curve C in O d (H) are three different curves in the space Ba(H) of all bases in H :
(1) The curve
where W t = (|ψ n (t) ) n≥1 is the solution of the equation (II.1) with an initial basis W 0 = (|ψ n (0) ) n≥1 , such that |ψ n (T ) = e iφn |ψ n (0) with φ n ∈ [0, 2π) for n ≥ 1. Generally, C is not closed in Ba(H) i.e., there exists some n so that φ n = 0.
(2) The curve defined byC
for every n ≥ 1. Like C,C need not to be closed in Ba(H), i.e., there be some n so that |ψ n (T ) = |ψ n (0) .
with α n (t) ∈ [0, 2π) such that α n (T ) − α n (0) = φ n for every n ≥ 1. That is, |ψ n (T ) = |ψ n (0) for all n ≥ 1.
These three curves C,C, andC have the property that for every t ∈ [0, T ],
Note thatC is uniquely defined by C, butC not. The non-uniqueness ofC is due to the fact that the state vectors |ψ n (t) are only defined up to gauge transformations:
This induces a gauge symmetry, which is associated with the arbitrariness of the phase choice of basic vectors in a basis. As indicated below, this gauge symmetry naturally arises in a fiber bundle over the quantal observable space for describing the geometric phases of the observable. As defined above,W t = (ψ n (t)) n≥1 satisfies the following equatioñ
with the initial basisψ n (0) = ψ n (0), where (ψ n (t)) n≥1 is the solution of the equation (II.1) and
We immediately obtain
with g n (0) = 1 for every n ≥ 1. This shows thatW t is quantum parallel transported along C, as explained in the next section (cf. [2] ). Since |ψ n (T ) = e iφn |ψ n (0) for every n ≥ 1, by (II.6) we have
where
Thus the phase factors e iβn 's arise from the holonomy transformation in quantum parallel transport for the observable (see Appendix below), and the set {β n : n ≥ 1} is defined to be the geometric phases of the observable associated with the closed curve C in the observable space.
In what follows, we will derive an explicit expression for β n 's in terms of |ψ n (t) 's. Indeed, for any n ≥ 1 putting
we have |ψ n (t) = e ifn(t) |ψ n (t) . Next we calculate f n (t). By differentiating both sides of this equality, we obtain
Taking the scalar product of this expression with ψ n (t)|, by the condition (II.8) we have ψ n (t)| d dt |ψ n (t) = 0 and so
This yields
Since α n (T ) − α n (0) = φ n and α n (0) = f n (0), we conclude
for every n ≥ 1. Note that the choice of the curveC is independent of C, but only dependent on C. Also, from (II.10), each β n is independent of the parameter t ofC and is uniquely determined up to 2πk (k is an integer). Hence the number set {β n : n ≥ 1} is a geometric property of the curve C in the quantal observable space. Next, consider a slowly varying Hamiltonian H(t) with H(t)|n(t) = E n (t)|n(t) for a basis (|n(t) ) n≥1 , where the eigenvalues E n (t)'s are all supposed to be non-degenerate. Writing
and using (II.1) and the time derivative of H(t)|n(t) = E n (t)|n(t) , we havė
where the dot denotes time derivative. Then if a n,k (0) = δ n,k , that is, the system starts the evolution from the basis (|n(0) ) n≥1 , noticing that H(t) is slowly varying, i.e.,Ḣ(t) = 0 adiabatic approximately, we find
in the adiabatic approximation for all k = m, and the system would therefore continue as a basis of eigenstates of H(t), i.e., a n,m (t) ≈ 0 for all m = n andȧ n,n (t) ≈ −a n,n (t) n(t)|ṅ(t) to a good approximation. In this adiabatic approximation, we have
For a cyclic adiabatic evolution with period T, each phase β n = i T 0 n(t)|ṅ(t) dt is independent of the chosen |n(t) and Berry [3] regarded it as a geometrical property of the parameter space of which H is a function (cf. [8] ).
Indeed, these phases are the same as (II.10) on our choosing |ψ n (t) = |n(t) in the adiabatic approximation. But the phases β n , defined by (II.9), does not depend on any approximation; so (II.10) is exactly valid. And, {|ψ n (t) : n ≥ 1} needs not be a basis consisting of eigenstates of H(t), contrary to the limiting case considered by Berry. Moreover, it is neither necessary nor sufficient to go around a closed curve in parameter space for having a cyclic evolution in the quantal observable space, with our associated geometric phases β n . Therefore, we regard β n 's as geometric phases associated with a closed curve in the quantal observable space and not the parameter space, even in the special case of adiabatic approximation considered by Berry. In practice, |ψ n (t) 's can be chosen to be the eigenstates of H(t), thus β n 's reduce to Berry's phase in the adiabatic limit and can be directly observed in the laboratory.
In particular, these β n simultaneously associate with the same curve in the quantal observable space:
where (λ n ) n≥1 is any fixed family of distinct real numbers, independent of t, which reflect the geometry of the quantal observable space (see Appendix for details). We remark that Aharonov and Anandan [1] have regarded Berry's phase as the geometric phase associated with a closed curve in the projective Hilbert space (i.e., the quantum state space), but each β n associates with a distinct curve C n : [0, T ] ∋ t −→ |n(t) n(t)| in the quantum state space, as opposed to our above description that all β n 's are associated with the same curve in the quantal observable space.
III. GEOMETRIC INTERPRETATION FOR THE PHASES OF THE OBSERVABLE
This section is devoted to a geometric interpretation for β n 's defined above. Recall that a complete set of commuting
, O, which all commute with one other and is complete in the sense that for any a ∈ O d (H)\O there exists some b ∈ O so that a does not commute with b. Such a set corresponds uniquely to a complete orthonormal decomposition of the identity operator I in H, i.e., O −→ {|n n| : n ≥ 1} with n |n n| = I and n|m = 0 whenever n = m, where |n 's are eigenstates for all observables in O. In what follows, without specified otherwise, we simply write O = {|n n| : n ≥ 1}. We denote by W(H) the family of all complete orthonormal decompositions in H. Note that a complete orthonormal decomposition O = {|n n| : n ≥ 1} determines uniquely a basis {|n } n≥1 up to phases for basic vectors. Conversely, a basis uniquely defines a complete orthonormal decomposition in H. We denote by X (O) the set of all bases {|n } n≥1 's such that O = {|n n| :
It is easy to check that D W is a distance on W(H). Thus, D W determines a topology on W(H). We refer to Appendix for the details of this topology on W(H). Fix a point O 0 = {|n n| : n ≥ 1} ∈ W(H). For any O ∈ W(H), we write
We also define
which is an abelian subgroup of U(H). The action of
we define the principal fiber bundle for the geometric phase over the quantal observable space as follows:
We simply denote this bundle by P O0 = P O0 (H). We refer to Appendix for the details of geometry on P O0 , that is, quantum connection and parallel transportation on this bundle.
The evolution of an exact cyclic observable is defined to be a closed loop
in the base space W(H). Since a self-adjoint operator with non-degenerate discrete spectrum belongs to at most one element of W(H), for every O ∈ W(H) we can choose a non-degenerate operator X ∈ O as a representative element of O. We can then choose a time-dependent Hamiltonian h(t) such that C W is determined by the Heisenberg equation (II.4) with
for any sequence of distinct real numbers independent of t, (λ n ) n≥1 , where W t = (|ψ n (t) ) n≥1 satisfies (II.1) with the initial basis W 0 = (|ψ n (0) ) n≥1 ∈ X (O(0)).
is defined to be a continuous curve
Remark III.1. Note that, a lift of C W depends on the choice of the starting
where |ψ n (t) 's are defined in (II.6). For O 0 = O(0),
is a lift of C W associated with O 0 = O(0). Putting
where ψ n (t)'s are solutions to (II.1), and
and
with G s (0) = I, where
This means that [0, T ] ∋ t →Ũ (t) is the parallel transportation along C W associated with the canonical connection Ω on P O0 (see Appendix below). Therefore,C P is the horizontal lift of C W in the principal bundle P O0 associated with Ω on P O0 . Moreover, we find thatŨ (T )|ψ n (0) = |ψ n (T ) = e iβn |ψ n (0) ,
is the holonomy element associated with the connection Ω in P O0 . For any closed lift of C W associated with O 0 = O(0),
i.e.,Ū (T ) =Ū (0) = I, we have
satisfying (II.7). Then, by (II.10) we have
Thus, we find that for each n ≥ 1, the geometric phase β n is the expectation of the (phase) operator
at the quantum state |ψ n (0) .
In conclusion, for a closed loop
, we define the phase operator associated with C W and O 0 aŝ
where U (t) corresponds to any of the closed consistent lifts of C W associated with O 0 , and the one-form appearing the last integrand of (III.5), i.e., ω O = U † ⋆dU, is determined by the canonical connection on P O0 (H) (see Appendix below). The phase operatorβ(C W , O 0 ) is independent of the choice of the time parameterization of U (t), i.e., the speed with which U (t) traverses its closed path. It is also independent of the choice of the Hamiltonian as long as the Heisenberg equations (II.4) involving these Hamiltonians describe the same closed path C W in W(H). It depends on the closed curve C W and the choice of the starting point O 0 ∈ C W . But the set of the expectation values ofβ(C W , O 0 ) at the states corresponding to the basic vectors associated with O 0 , {β n } n≥1 , is independent of the choice of the starting point O 0 , as proved in Theorem V.1 in Appendix below. Therefore, the number set {β n } n≥1 is considered to be a set of geometric invariants for C W .
Example III.1. For illustrating our approach to the observable geometric phases, we consider a qubit case, i.e., the Hilbert space H = C 2 and the observable space is W(C 2 ). Consider the qubit system with the Hamiltonian H = −Bσ z where B > 0, which corresponds to a spin- , satisfying the skew Schrödinger equation
This evolution in the quantal observable space W(C 2 ) is periodic with period T = π B . By (II.9), we have
which are the geometric invariants of the curve
. Taking |ψ n (t) = e −iαn(t) |ψ n (t) with α n (t) = Bt, we have |ψ n (T ) = |ψ n (0) with T = π B such that
which coincides with (II.10). Moreover, puttinḡ
and so for T = π B ,
Next, consider a spin-1 2 particle with a magnetic moment which is in a rotating background magnetic field B ′ (t) = B ′ (sin θ cos ωt, sin θ sin ωt, cos θ) with a constant angular velocity ω, which is large so that the adiabatic approximation is valid, i.e., B ′ ≫ ω. If tan φ 2 = sin θ 1+cos θ , then the above ψ 1 (t), ψ 2 (t) are the eigenstates of the associated Hamiltonian h ′ (t) = −B ′ (t) · σ with ω = 2B. Indeed, the Hamiltonian takes the form
where h
. It is easy to check that the eigenvalues E
Thus, in this approximation, the Berry phase associated with the curve (0, π B ) ∋ t −→ |ψ n (t) ψ n (t)| is the above β n for n = 1, 2, respectively.
IV. OBSERVABLE GEOMETRIC PHASES FOR QUANTUM COMPUTING
The geometric phase of the state can be used in quantum computing by implementing each of quantum gates in terms of geometric phases only [10] , and realize a universal set of quantum gates [11, 12] . This scheme for computing is called geometric quantum computation, on which we refer to [9] for a up-date review and background. In this section, we shall show that the observable geometric phases can be used to realize a set of universal quantum gates as well. As is well-known, for a universal set of quantum gates, we need to achieve two kinds of noncommutative 1-qubit gates and one nontrivial 2-qubit gate. In the sequel, we first focus one qubit case and then the two-qubit case.
For a qubit system, a general time-dependent Hamiltonian has only one term h(t) = − 1 2 µB(t)· σ. Here, B(t) denotes the total magnetic field felt by the qubit, and σ = (σ x , σ y , σ z ) stands for the Pauli matrixes defined by
For an initial basis {|ψ + (0) , |ψ − (0) } with |ψ + (0) = cos
, the evolution t −→ {|ψ + (t) , |ψ − (t) } satisfies the skew Schrödinger equation
where α(t), ϕ(t), φ(t) are real parameters depending only on t such that α(0) = ϕ(0) = 0 and φ = φ(0). This determines a curve
} is a cyclic evolution, i.e., C W is closed in W(C 2 ), if and only if ϕ(T ) = 0 and φ(T ) = φ. In this case, by (II.10) we have
Since φ(0) = φ(T ) = φ, this immediately follows that β + = −β − , and then by (III.4), the holonomy unitary operator associated with C W and the starting point {|ψ
with β = β + , which is the unitary transformation of the quantum parallel transport along C W . Assuming [0, T ] ∋ t −→ {|ψ + (t) , |ψ − (t) } to be a cyclic evolution, we write an input state as |ψ in = α + |0 + α − |1 with α ± = ψ ± (0)|ψ in , where the set {|0 , |1 } constitutes the computational basis for the qubit. By (IV.1), the quantum parallel transportation along C W from the initial to final bases is carried by the unitary operator
Then U (φ, β) is a single-qubit gate such that |ψ out = U (φ, β)|ψ in . As noted above, U (φ, β) depends only on the geometric property of the curve C W and φ, and thus is a geometric quantum gate. By computing, two operations U (φ, β) and U (φ ′ , β ′ ) do not commute if and only if φ = φ ′ + kπ and β, β ′ = kπ, where k is an integer. By choosing φ = 0, φ ′ = π 2 , and β = β ′ = 1, we get single-qubit gates
which are two well-known gates constituting a universal set of quantum gates for a single-qubit system. We now turn to a nontrivial 2-qubit gate. Consider the computational basis {|00 , |01 , |10 , |11 } for the 2-qubit system, where the first (second) number represent the state in the controlled (target) qubit. For an initial basis {|ψ 2 |00 + sin
2 |11 , and |ψ
2 |11 , the evolution t −→ {|ψ 
As shown in the single-qubit case,
± (t) } to be a cyclic evolution, we obtain the unitary operator to describe a two-qubit gate as
where β (k) (φ (k) ) denotes the geometric phase (the cyclic initial basis) of the target bit when the state of the control qubit corresponds to |k with k = 0, 1, respectively. In particular, we find that
This gate is equivalent to (up to an overall phase factor i for the target qubit) the controlled-NOT gate (c-NOT), which is defined as |k |m → |k |k ⊕ m , where ⊕ denotes the addition modulo 2. Therefore, we can obtain a nontrivial 2-qubit gate in terms of the geometric phases of the observable. In conclusion, all elements of quantum computation may be achievable by using cyclic geometric operations over the observable. Note that the quantum gates (IV.2) and (IV.3) have been achieved in [11, 12] by using the geometric phase of the state based on a pair of orthogonal cyclic states. Both approaches are mathematically equivalent each other, but the physical meaning is distinct: Their gates are related with the geometry of the state space, while ours are connected with the geometry of the observable space. We shall discuss elsewhere how these gates can be implemented in terms of the geometry of the observable space.
V. CONCLUSION
Geometric phases provide a new way of looking at quantum mechanics. The usual theory of the geometric phase (cf. [4] ) is based on the Schrödinger picture, that is, the geometric phase is defined for the state. Here, we define the geometric phases of the observable in the Heisenberg picture. This provide a new way of studying the topology and geometry for the quantum system from the viewpoint of the observable. In particular, the geometric phases of the observable can be used to realize a universal set of quantum gates in quantum computation. Therefore, it may not be unreasonable to hope that this new insight may have heuristic value.
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is transitive, it follows that
with an arbitrary fixed basis (|n ) n≥1 , is a subgroup of U(H).
From this identification, we find that W(H) is topologically non-trivial as its fundamental group is isomorphic to Π(d). In particular, the topology of W(H) in the qubit case of H = C 2 is nontrivial. Indeed, we have
and so
where we have used the fact Π(2) = Z 2 . It is well known that the first fundamental group π 1 (P 2 ) ∼ = Z 2 , the topology of the quantal observable space W(C 2 ) for the qubit system is nontrivial. This has a simple geometrical interpretation, since every element in X (C 2 ) has the form {|α α| : α = ±1} with
where n = (n x , n y , n z ) ∈ S 2 . Thus n is identified with − n as they both correspond to the same element in W(C 2 ). This implies that W(C 2 ) may have non-trivial topology: There are exactly two topologically distinct classes of loops in W(C 
B. Geometry
Fix O 0 ∈ W(H). Recall that the principal fiber bundle for the geometric phase associated with O 0 is
Since dim(H) < ∞, P O0 can be understood as a usual principal fiber bundle, but the usual notation of neither connection or parallel transportation can be applicable directly in the quantal setting. We need to introduce the suitable concepts of quantum connection and parallel transportation for the principal fiber bundle P O0 .
For a fixed O 0 = {|n n| : 1 ≤ n ≤ d} ∈ W(H),
which is an abelian subgroup of U(H). We begin with the definition of tangent vectors for G O0 .
For a given U ∈ G O0 , an operator Q ∈ B(H) is called a tangent vector at U for G O0 , if there is a curve χ : (−ε, ε) ∋ t → U (t) ∈ G O0 with χ(0) = U such that for every h ∈ H, the limit
in H. In this case, we denote by Q = dχ(t) dt t=0
. The set of all tangent vectors at U is denoted by T U G O0 , and
Similarly, we can define the tangent space for the unitary group U(H), and denote by T U U(H) the tangent space at U ∈ U(H) and T U(H) = U∈U (H) T U U(H).
The following is to define the tangent space for the base space W(H).
, and for every h ∈ H, the limit . We denote by T O W(H) the set of all tangent vectors at O, and write
The tangent space and vertical vectors for the fiber bundle space P O0 (H) are defined as follows.
For a given P ∈ P O0 (H), an operator Q ∈ B(H) is called a tangent vector of P O0 at P relative to O 0 , if there exists a curve χ : (−ε, ε) ∋ t → P t ∈ P O0 (H) with γ(0) = P, such that for any h ∈ H,
. Also, we denote by T P P O0 (H) the set of all tangent vectors of P O0 at P relative to O 0 , and write
2) A tangent vector Q ∈ T P P O0 (H) is said to be vertical, if there is a curve Γ : (−ε, ε) ∋ t → P t ∈ F Π(P ) with Γ(0) = P such that lim t→0 1 t (P t (h) − P (h)) = Q(h) for every h ∈ H. We denote by V P P O0 (H) the set of all vertical tangent vectors at P. Now, we are ready to define the concept of quantum connection for the quantal observable space.
Definition V.4. Fix O 0 = {|n n| : n ≥ 1} ∈ W(H). A connection on the principal fiber bundle P O0 is a family of linear functionals Ω = {Ω P : P ∈ P O0 (H)}, where for each P ∈ P O0 (H), Ω P is a linear functional in T P P O0 (H) with values in T G O0 , satisfying the following conditions:
(1) For any P = d n=1 |p n n| ∈ P O0 (H), every vertical tangent vector Q ∈ V P P O0 (H) satisfies the equation
dt |q n (t) | t=0 n| with P t = n≥1 |q n (t) n| ∈ F Π(P ) and P 0 = P.
(2) Ω P depends continuously on P, in the sense that if P n converges to P in the operator topology of B(H), and for a sequence Q n ∈ T Pn P O0 (H) for n ≥ 1, if there exists Q 0 ∈ T P P O0 (H) such that for any h ∈ H, lim n→∞ Q n (h) = Q 0 (h) in H, then for any u ∈ H,
Under the right action of G O0 on P O0 (H), Ω transforms according to
for G ∈ G O0 , P ∈ P O0 (H), and Q ∈ T P P O0 (H).
Such a connection is simply called an
Next, we present a canonical example of such quantum connections, which plays a crucial role in the expression of the geometric phases β n 's for the observable.
Example V.1. Given a fixed O 0 ∈ W(H), we define Ω = {Ω P : P ∈ P O0 (H)} as follows: For each P ∈ P O0 (H), Ω P :
for any Q ∈ T P P O0 (H), where
dt |q n (t) | t=0 n| with P t = n≥1 |q n (t) n| ∈ P O0 and P 0 = P. This is clearly an O 0 -connection on P O0 in the sense of Definition V.4. In this case, we write Ω P = P † ⋆ dP for any P ∈ P O0 (H). 
where s is a local section on some U containing a segment of C W , and G s (t) ∈ G O0 is the solution of
G s (0) = I.
(V.3)
In this case, the curve t → P t = C P (t) is called the parallel transportation along C W associated with the connection Ω on P O0 (H).
Remark V.1. By the transformation rule (V.2), C P as defined above is independent of the choice of (local) sections and so well defined. As an illustration, we refer to (III.3) for the horizontal lift associated with the canonical connection Ω P = P −1 ⋆ dP.
Recall that for a closed loop C W : [0, T ] → W(H) associated with O 0 = O(0) ∈ W(H), the phase operator associated with C W and the canonical connection Ω P = P −1 ⋆ dP on P O0 is given bŷ β(C W , O 0 ) = i Proof. Let [0, T ] ∋ t → U (t) be any of the closed consistent lifts of C W associated with O 0 . Taking a fixed a ∈ (0, T ), we define 
This completes the proof.
